Statistics Qualifyihg Exam

9:00 am - 1:00 pm, Monday, May 1%, 2017

1. Consider two random variables X; and X, whose joint probability density function is given
by the following : :

3z, if 0<$2<$1<1;
0, elsewhere.

Fx:x, (%1, T0) = {

(a) Find the conditional probability density function (pdf) of X, given that X; = x, that is,
Fxa3: (32| 1),

(b) Compute the conditional probability that {X, < 0.2} given that {X; = 0.5}, that is,
P(X, < 0.2|X; =0.5).

(c) What is the conditional expectation of X, given that X; = z, i.e., E(X;|X; = 21)?
Find E(X,) using the double expectation formula, E(X,) = E[E(X3|X1))].

(d) Find the probability {X; + X» < 0.5}, thatis, P(X; + X, < 0.5).
2. Let Xi,..., X, be arandom sample from a uniform (0, #) distribution, where ¢ is unknown.
(a) Let Y, be the maximum order statistic of the random sample. Thatis, Y, = max(X,...,X,).
~ Find the probability density function (pdf) of ¥,.
(b) Show Y, is a consistent estimator of 4.

(c) Find the maximum likelihood estimator of . Is it an unbiased estimator for 67 Justify
your answer with details.

(d) Find the unique minimum variance unbiased estimator (MVUE) of 4.

3. Let X3,...,X, be a random sample from a Gamma(a = 3,5 = 6) distribution, where
0 < 6 < oo. That is, the probability density function (pdf) is '

1 T4
1(@i6) = Ty exp (%)

(2) The maximum likelihood estimator (MLE) of § is § = %, Xi/(3n). Show the MLE g
is an efficient estimator.

(b) Find the exact Likelihood Ratio test for the hypotheses
. Hy: 0 =20y versus Hy:0 # 6.

Clearly specify the test statistic used, the sampling distribution of the test statistic under
Hy, the rejection region for a size « test and the decision rule,

(c) Obtain the power function for the exact likelihood ratio test derived in Part (b).




4. Let X1, Xs,...,X, be a random sample from Bernoulli(d), 0 < 6 < 1 distribution with
n > 1. That is, the probability mass function is

Flzi]6) = 6% (1 — 6)=, 1, =0, 1.

(2) Find the maximum likelihood estimator (MLE) § of § = 6(1-9).

(b) What is the asymptotic distribution of v/n(§ — 6)?

(c) Find the unique minimum variance unbiased estimator (MVUE) 6 of 6.
(d) Find the asymptotic distribution of 1/n(é — §).




5. A multiple linear regression model

Y =Po+ Xy + PaXo + B3 X3+ BaXs + ¢

with € ~ N(0,0%I) is fitted to a dataset (I is an identity matrix). Refer to the SAS output
below and answer the following questions.

The REG Procedure

Model: MODEL1
Dependent Variable: Y

Number of Observations Read 81
Number of Observations Used 81

Analysis of Variance

Sum of _ Mean
Source DF Squares Square F value Pr > F
Model 4 138.32691 34.58173 26.76 <.000t
Error 76 98.23059 1.28251
Corrected Total 80 236.55750
Root MSE ' 1.13689 R-Square 0.5847
Dependent Mean 15.13889 Adj R-Sq 0.5629

Coeff Var 7.50970

Parameter Estimates

Parameter Standard
Variable DF Estimate- Error t Value Pr > |t Type I SS Type II S8
Intercept 1 12.20059 0.57796 21.11 <.0001 18564 575.87646
X1 1 -0.14203 0.02134 -6.65 <.0001 (1) (2)
X2 1 0.28202 0.06317 4.46 <.0001 72.80201 25,75896
X3 - 1 0.61934 1.08681 0.57 0.5704 8.38142 0.41975
X4 1 0.00000792 - 0.00000138 5.72 <.000t1 42.32496 42,32496

To answer the questions, you will need to use (some of) the following values.

(@df) (75 (2,76) (5,70 (3,75) _ (3,76)  (3,77)
F0,025@f1,df2 3.876416 3.873867 3.871387 3.295668 3.293225 3.290847
Foosar,dr, 3118642 3.116982 3.115366 2.726589 2.724944 2723343

(a) Fill in the numbered blanks (1) and (2).

(b) For the full model Y = By + B1X1 + BoXo + B3 X3 + BaX4 + ¢, test the following
hypotheses using o = 0.05. Clearly specify the test statistic, the sampling distribution




under the null hypothesis and your conclusion.
Hy: B2 =3 =04 =0vs. H; : notall equals 0

(c) For the full model Y = By + £1.X1 + B2 X2 + B3X3 + ¢, test the following hypotheses
using a = 0.05. Clearly specify the test statistic, the sampling distribution under the null
hypothesis and your conclusion.

Hy:By=p3=0vs. Hy: not all equals 0




6. Researchers were interested in studying the effect of temperature and light level on the growth
of bacterial colonies on potato leaflets. Bacteria were inoculated onto a total of 48 leaflets.
The leaflets were randomly assigned to treatment with one of four temperatures (10, 15, 20, or
25 °C) and one of three light levels (A=low, B=medium, or C=high). Four weeks after inocu-
lation, the log of the area of the bacterial colony on each leaflet was measured as the response
variable. A completely randomized design was used with four leaflets for each combination of

temperature and light intensity. Use the SAS code and output on the next page of your exam
to answer the following questions.

(a) Were there significant differences among the 12 treatment means? Give an appropriate
test statistic, its degrees of freedom, the p-value, and a brief conclusion.

(b) Were there any significant differences among the temperature lsmeans? Give an appro-
- priate test statistic, its degrees of freedom, the p-value, and a brief conclusion.

(c) Two models have been fit to the data. Does the second model fit the data adequate-

ly? Give an appropriate test statistic, its degrees of freedom, the p-value, and a brief
conclusion.

Now, for each of the three light intensities, suppose there is a linear relationship between
the mean of the response variable and temperature.

(d) For low light level A, provide the estimated linear regression equation relating mean
response to temperature. '

(e) For high light level C, give an 95% coﬁﬁdence interval for the slope of the linear re-
gression equation. Based on this confidence interval, is there evidence that temperature
affected bacterial colony growth at high light level C? Explain.

() Estimate the difference between the slope for low light level A and the-slope for high
light level C, and determine if that difference is significantly different from 0. Provide

the estimated difference, a test statistic, its degrees of freedom, the p-value, and a brief
conclusion.




proc glm;

class light temp;

model y=light temp light*temp;
run;

Class Level Informmtion
Class Levels Val ues
1ight 3 ABC
tenp 4 10 15 20 25
Number of observations 48
Sum of
Source DF Squares Man Square
Mdel 11 2420.799306 220,072664
Error 36 932.134425 25.892623
Corrected Total 47 3352.933731
Source DF Type I SS Man Square
l1ight 2 1588.672888 794.336444
tenp 3 441.252123 147.084041
light*tenp 6 390,874296 65.145716
Source DF Type III SS Man Square
light 2 1588.672887 794.336444
t emp 3 441,252123 147.084041
1ight*tenp 6 390.874296 65.145716
proc glm;
class light;
model y=light temp light*temp / solution;
run;
Class Level Information
Class Levels Values
1ight 3 ABC
Nomber of observations 48
Sum of
Source DF Squares Man Square
Mdel 5 2224.265059 444,853012
Error 42 1128.668673 26.873064
Corrected Total 47 3352.933731
Source DF Type I SS Man Square
light 2 1588.672888 794.336444
t enp 1 373.276984 373.276984
temp*]ight 2 262.315188 131.157594
Source DF Type IIT S§S Man Square
Iight 2 12.3292407 6.1646204
tenp 1 373,2769837 373.2769837
temp*light 2 262.3151875 131.1575938
Standard
Paraneter Estimte Error t Value
Intercept 2.044500000 4,25902782 0.48
light A -2.307500000 6.02317490 -0.38
light B 1.760000000 6.02317490 0.29
light o] 0.000000000 . .
t emp 0.276600000 0.23183211 1.19
temp*light A 0.808000000 0.32786011 2.46
temp*light B -0.141250000 0.32786011 -0.43
temp*light C 0.000000000

F Value
8.50

F Value
30. 68
5.68
2,52

F Value
30.68
5.68
2.52

F Value
16.55

F Value

29.56

13.89
4.88

R Value
0.23
13,89
4,88

Pr > 1tl

(=]

. 6337
L7036
L7716

. 2395
L0179
. 6688

Pr > F
<. 0001

Pr > F
<.0001
0.0027
0.0389

Pr > F
<, 0001
0.0027
0.0389

Pr > F
<, 0001

Pr > F
<, 0001
0.0006
0.0124

Pr > F
0.7960
0.0006
0.0124




7. Four different washing solutions (1, 2, 3, 4) are being compared to study their effectiveness
in retarding bacteria growth in some milk containers. The experiment is done in a laboratory,
and only three trials (runs) can be conducted on any day. It is known that days could represent

a potential source of variability. The experimenter uses the following design, and the data are
also shown here ~

Day
Solution 1 2 3 4 Y;
1 3.11 370 3.60 10.41
2 320 3.11 322 953
3 2.95 3.52 3.54 10.01
4 2.82 297 3.18 897

Y 8.88 0.87 10.23 9.94

[t

Some SAS output is given below.

Sum of
Source DF Squares Mean Square F Value Pr > F
Model 6 0.81697600  0.13599583 10.26 0.0109
Error 5 0.06629167  0.01325833
CoTotal 11 0.88226667
~ Source DF Type III S8 Mean Square F Value Pr > F
day 3 0.42984167 ~0.14328056 10.81 0.0126
solution 3 0.47057500 0.15685833 11.83 0.0104
LSMEAN

solution resp LSMEAN Number

1 3k ok oK ok Kk oKk 1

2 3.06208333 2

3 3.36583333 3

4 3.02083333 4

(a) What kind of design is used by the experimenter? Determine the design parameters, and
give a model to analyze this data set together with the assumptions.

(b) Test whether the four solutions are different in retarding bacteria growth (Use o = 0.05).
To get full credits, please give the test statistic, p-value and your conclusion.




(c) Suppése the Tukey’s method is used to compare the four solutions. Calculate the critical
difference (CD) at @ = 5% (No need to make comparison or calculate the confidence
intervals; only the CD is needed).

(d) Calculate the least squares mean (adjusted mean) for Solution 1, and calculate the critical
difference with making pairwise comparison using Bonferroni method at o = 6%.




8. An experiment is conducted to study the effects of loading frequencies (Frequency) and envi-
ronmental conditions (Environment) on fatigue crack growth at a constant 22 MPa stress for
a particular material. The data from this experiment are shown below (the response is crack

growth rate):

Environment
Frequency 1. Air 2: H,O 3: SaltH,0
1 229,247,212 2.86,3.03,2.73 4.93,4.75,5.06
2 3.15,2.88,2.56 4.00,4.44,4.70 3.10,3.24,3.98
3 2.24,2.71,2.81 4.00,4.30,3.20 4.86,4.26,5.20
Some summary statistics are give below.

grand mean: 3,551

frequency MEAN |environment MEAN

1 3.360 | 1 2.581

2 3.561 | 2 3.696

3 3.731 | 3 4,376

frequency environment MEAN

1 1 2.293

1 2 2.873

1 3 4,913

2 1 2.863

2 2 4.380

2 3 3.440

3 1 2.587

3 2 3.833

3 3 4.773

Suppose the following statistical model is used to fit the data.

Yijp=p+ 7+ 8+ (18)y +eyr b =1,2,3

where 7; (1 = 1,2,3) and §; ( = 1,2, 3) are the main effects of frequency, the main effects
of environment, respectively, and (73);; are their interactions, For parameter estimation, we

25 h5 = Zz(Tmza =2_i(m8)y = 0.

(a) Calculate the estimates of 71, 72, 73 and (73)a23.

impose the following constraints: >, 7; =

(b) Calculate the sum of squares due to frequency.

(c) The ANOVA of the data was done in SAS and the output is shown. Notice that some
quantities are removed. Test if the main effects of frequency are significant and if the
interactions of frequency and environment are significant (using o = 5%).

9




Dependent Variable: crack

) Sum of
Source DF Squares Mean Square F Value Pr > F
Model 8 22.719 2.840 22.11 <.0001
Error 18 2.312 0.128
Coed Total 26 25.031
Source DF Type I S8 Mean Square F Value Pr > F
frequency * LEL T Kok ok *okokok *kok K
environment 2 14.773 7.387 57.51 <.0001
frequency*environment * ok ok ok *okok koK *okokok ook ok

(d) Calculate the critical difference (CD) for the treatment pairwise comparison using Tukey’s

method. Report the results for the following (and only the following) pairs: (1,1) versus
(1,3); (2,2) versus (3,2).

10




684 Appendix

I Cumulative Standard Normal Distribution®

S S
CI)(Z) = f e 2 dy
~o N/

2

b4 0.00 0.01 0.02 0.03 0.04 z

0.0 0.50000 0.50399 0.50798 0.51197 0.51595 0.0
0.1 0.53983 0.54379 0.54776 0.55172 0.55567 0.1
0.2 0.57926 0.58317 0.58706 0.59095 0.59483 0.2
0.3 0.61791 0.62172 0.62551 0.62930 0.63307 0.3
0.4 0.65542 0.65910 0.66276 0.66640 0.67003 0.4
0.5 0.69146 0.69497 0.69847 0.70194 0.70540 0.5
0.6 0.72575 0.72907 0.73237 0.73565 0.73891 0.6
0.7 0.75803 0.76115 0.76424 0.76730 0.77035 0.7
0.8 0.78814 0.79103 0.79389 0.79673 0.79954 0.8
09 0.81594 0.81859 0.82121 0.82381 0.82639 0.9
1.0 0.84134 0.84375 0.84613 0.84849 0.85083 1.0
1.1 0.86433 0.86650 . 0.86864 0.87076 0.87285 1.1
1.2 0.88493 0.88686 0.88877 0.89065 0.89251 1.2
1.3 0.90320 0.90490 0.90658 0.90824 0.90988 13
1.4 0.91924 0.92073 0.92219 0.92364 0.92506 14
1.5 0.93319 0.93448 0.93574 0.93699 0.93822 1.5
1.6 0.94520 0.94630 0.94738 0.94845 0.94950 1.6
1.7 0.95543 0.95637 0.95728 0.95818 0.95907 1.7
1.8 0.96407 0.96485 0.96562 0.96637 096711 1.8
1.9 0.97128 0.97193 0.97257 0.97320 0.97381 1.9
2.0 0.97725 0.97778 0.97831 0.97882 0.97932 2.0
2.1 0.98214 0.98257 0.98300 0.98341 0.93882 2.1
22 0.98610 0.98645 0.98679 0.98713 0.98745 2.2
2.3 0.98928 0.98956 0.98983 0.99010 0.99036 2.3
24 0.99180 0.99202 0.99224 0.99245 0.99266 2.4
2.5 0.99379 0.99396 0.99413 0.99430 0.99446 2.5
2.6 0.99534 0.99547 0.99560 0.99573 0.99585 2.6
2.7 0.99653 0.99664 0.99674 0.99683 0.99693 2.7
2.8 0.99744 0.99752 0.99760 0.99767 0.99774 2.8
2.9 0.99813 0.99819 0.99825 0.99831 0.99836 2.9
3.0 0.99865 0.99869 0.99874 0.99878 0.99882 3.0
3.1 0.99903 0.99906 0.99910 0.99913 0.99916 31
32 0.99931 0.99934 0.99936 0.99938 0.99940 32
3.3 0.99952 0.99953 0.99955 0.99957 0.99958 33
34 0.99966 0.99968 0.99969 0.99970 0.99971 34
35 0.99977 0.99978 0.99978 0.99979 0.99980 3.5
3.6 0.99984 0.99985 0.99985 . 0.99986 0.99986 3.6
3.7 0.99989 0.99990 0.99990 0.99990 0.99991 3.7
3.8 0.99993 0.99993 0.99993 0.99994 0.99994 3.8
3.9 0.99995 0.99995 0.99996 0.99996 0.99996 3.9

*Reproduced with permission from Probability and Statistics in Engineering and Management Science, 3rd edition, by W. W, Hines
and D, C. Montgomery, Wiley, New York, 1990.




Appendix

I Cumulative Standard Normal Distribution (Continued)

685

12

_ [ 1 —en
d(z) f Y. e du

b4 0.05 0.06 0.07 0.08 0.09 z
0.0 0.51994 0.52392 0.52790 0.53188 0.53586 0.0
0.1 0.55962 0.56356 0.56749 0.57142 0.57534 0.1
0.2 0.59871 0.60257 0.60642 0.61026 0.61409 0.2
0.3 0.63683 0.64058 0.64431 0.64803 0.65173 0.3
04 0.67364 0.67724 0.68082 0.68438 0.68793 0.4
0.5 0.,70884 0.71226 0.71566 0.71904 0.72240 0.5
0.6 0.74215 0.74537 0.74857 0.75175 0.75490 0.6
0.7 0.77337 0.77637 0.77935 0.78230 0.78523 0.7
0.8 0.80234 0.80510 0.80785 0.81057 0.81327 0.8
0.9 0.82894 0.83147 0.83397 0.83646 0.83891 0.9
1.0 0.85314 0.85543 0.85769 0.85993 0.86214 1.0
1.1 0.87493 0.87697 0.87900 0.88100 0.88297 1.1

0.89435 0.89616 0.89796 0.89973 0.90147 1.2
1.3 0.91149 0.91308 0.91465 0.91621 0.91773 1.3
14 0.92647 0.92785 0.92922 0.93056 0.93189 14
1.5 0.93943 0.90462 0.94179 0.94295 0.94408 1.5
1.6 0.95053 0.95154 0.95254 0.95352 0.95448 1.6
1.7 0.95994 0.96080 0.96164 0.96246 0.96327 1.7
1.8 0.96784 0.96856 0.96926 0.96995 0.97062 1.8
1.9 0.97441 0.97500 0.97558 0.97615 0.97670 1.9
2.0 0.97982 0.98030 0.98077 0.98124 0.98169 2.0
2.1 0.98422 0.98461 0.98500 0.98537 0.98574 2.1
2.2 0.98778 0.98809 0.98840 0.98870 0.98899 2.2
23 0.99061 -0.99086 099111 0.99134 0.99158 2.3
2.4 0.99286 0.99305 0.99324 0.99343 0.99361 24
2.5 0.99461 0.99477 0.99492 0.99506 0.99520 2.5
2.6 0.99598 0.99609 0.99621 0.99632 0.99643 2.6
2.7 0.99702 0.99711 0.99720 0.99728 0.99736 2.7
2.8 0.99781 0.99788 0.99795 0.99801 0.99807 2.8
2.9 0.99841 0.99846 0.99851 0.99856 0.99861 2.9
3.0 0.99886 0.99889 0.99893 0.99897 0.99900 3.0
31 0.99918 0.99921 0.99924 0.99926 0.99929 3.1
3.2 0.99942 0.99944 0.99946 0.99948 0.99950 32
33 0.99960 0.99961 0.99962 0.99964 0.99965 3.3
3.4 0.99972 0.99973 0.99974 0.99975 0.99976 34
35 0.99981 0.99981 0.99982 0.99983 0.99983 3.5
3.6 0.99987 0.99987 0.99988 0.99988 0.99989 3.6
3.7 0.99991 0.99992 0.99992 0.99992 0.99992 3.7
3.8 0.99994 0.99994 0.99995 0.99995 0.99995 3.8
39 0.99996 0.99996 0.99996 0.99997 0.99997 39




686 | Appendix

II Percentage Points of the ¢ Distribution®

1

0.40

0.25

0.10 0.05 0.025 0.01 0.005 0.0025 0.001 0.0005

1 0.325 1.000 3.078 6.314 12,706 31.821 63.657 127.32 318.31 636.62
2 0.289 0.816 1.886 2.920 4.303 6.965 9.925 14.089 23.326 31.598
3 0.277 0.765 1.638 2.353 3.182 4.541 5.841 7453 10,213 12.924
4 0.271. 0.741 1.533 2.132 2.776 3.747 4,604 5.598 7.173 8.610
3 0.267 0.727 1.476 2.015 2571 3.365 4.032 4773 5.893 6.869
6 0.265 0.727 1.440 1.943 2.447 3.143 3707 4317 5208 5.959
7 0.263 0.711 1415 1.895 2.365 2.998 3.499 4.019 4785 5.408
8 0.262 0.706 1.397 1.860 2.306 2.896 3.355 3.833 4.501 5.041
9 0.261 0.703 1.383 1.833 2262 2.821 3.250 3.690 4297 4781
10 0.260 0.700 1.372 1.812 2.228 2.764 3.169 3.581 4.144 4.587
11 0.260 0.697 1.363 1.796 2.201 2,718 3.106 3.497 4.025 4,437
12 0.259 0.695 1.356 1.782 2.179 2.681 3.055 3.428 3.930 4318
13 0.259 0.694 1.350 1.771 2.160 2.650 3.012 3372 3.852 4221
14 0.258 0.692  1.345 1.761 2,145 2.624 2.977 3.326 3.787 4.140
15 0.258 0.691 1.341 1.753 2,131 2.602 2.947 3.286 3.733 4.073
16 0.258 0.690 1.337 1.746 2,120 2,583 2.921 3.252 3.686 4.015
17 0.257 0.689 1.333 1,740 2,110 2,567 2.898 3.222 3.646 3.965
18 0.257 0.688 1.330 1.734 2,101 2.552 2.878 3.197 3.610 3.922
19 0.257 0.688 1.328 1.729 2.093 2.539 2.861 3.174 3.579 3.883
20 0.257 0.687 1.325 1.725 2.086 2.528 2.845 3.153 3.552 3.850
21 0.257 0.686 1.323 1.721 2.080 2.518 2.831 3.135 3.527 3.819
22 0.256 0.686 1.321 1.717 2.074 2.508 2.819 3.119 3.505 3.792
23 0.256 0.685 1.319 1.714 2.069 2.500 2.807 3.104 3.485 3.767
24 0.256 0.685 1.318 1711 2.064 2.492 2,797 3.091 3.467 3.745
25 0.256 0.684 1.316 1.708 2.060 2.485 2,787 3.078 3.450 3.725
26 0.256 0.684 1.315 1.706 2.056 2.479 2,779 3.067 3.435 3.707
27 0.256 0.684 1.314 1.703 2.052 2.473 2.771 3.057 3.421 3.690
28 0.256 0.683 1.313 1.701 2,048 2.467 2.763 3.047 3.408 3.674
29 0.256 0.683 1.311 1.699 2.045 2,462 2,756 3.038 3.396 3.659
30 0.256 0.683 1.310 1.697 2.042 2.457 2,750 3.030 3.385 3.646
40 0.255 0.681 1.303 1.684 2.021 2.423 2.704 2.971 3.307 3.551
60 0.254 0.679 1.296 1.671 2.000 2.390 2.660 2.915 3.232 3.460
120 0.254 0.677 1.289 1.658 1.980 2,358 2.617 2.860 3.160 3.373
% 0.253 0.674 1.282 1.645 1.960 2.326 2.576 2.807 3.090 3.291

v = Degrees of freedom.

*Adapted with permission from Biometrika Tubles for Statisticians, Vol. 1, 3rd edition, by E. S. Pearson and H. O. Hartley, Cambridge University Press, Cambridge,

1966.




Appendix 687

III Percentage Points of the x? Distribution®

P

0.995 0.990 0.975 0.950 0.500 0.050 0.025 0.010 0.005
1 0.00 + 0.00 + 0.00 + 0.00 + 045 3.84 5.02 6.63 7.88
2 0.01 0.02 0.05 0.10 1.39 5.99 7.38 9.21 10.60
3 0.07 0.11 0.22 0.35 237 7.81 9.35 11.34 12.84
4 021 0.30 0.48 0.71 336 9.49 11.14 13.28 14.86
5 0.41 055 - 0.83 1.15 435 11.07 - 12.38 15.09 16.75
6 0.68 0.87 1.24 1.64 5.35 12.59 14.45 16.81 18.55
7 0.99 124 1.69 2.17 6.35 14.07 16.01 18.48 20.28
8 1.34 1.65 2.18 2.73 7.34 15.51 17.53 20.09 21.96
9 1.73 2.09 2.70 3.33 8.34 16.92 19.02 21.67 23.59
10 2.16 2.56 3.25 3.94 9.34 18.31 20.48 23.21 25.19
1 2.60 3.05 3.82 457 10.34 19.68 21,92 24.72 26.76
12 3.07 3.57 4.40 5.23 11.34 21.03 23.34 26.22 28.30
13 3.57 4.11 5.01 5.89 12.34 22.36 24.74 27.69 29.82
14 407 4.66 563 6.57 13.34 23.68 26.12 29.14 31.32
15 4.60 523 6.27 7.26 14.34 25.00 27.49 30.58 32.80
16 5.14 5.81 691 7.96 15.34 26.30 28.85 32.00 3427
17 5.70 6.41 7.56 8.67 16.34 27.59 30.19 3341 35.72
18 6.26 701 823 939 17.34 28.87 31.53 34.81 37.16
19 6.84 763 891 10.12 18.34 30.14 32.85 36.19 38.58
20 7.43 8.26 9.59 10.85 19.34 3141 34.17 37.57 40.00
25 10.52 11.52 13.12 14.61 24.34 37.65 40,65 4431 46.93
30 1379 14.95 16.79 18.49 2934 4377 46.98 50.89 53.67
40 2071 22.16 24.43 26.51 39.34 5576 . 59.34 63.69 66.77
50 27.99 29.71 32.36 34.76 4933 67.50 71.42 76.15 79.49
60 3553 37.48 4048 43.19 59.33 79.08 83.30 88.38 91.95
70 43.28 45.44 48.76 51.74 ' 69.33 90.53 95.02 100.42 104.22
80 5117 53.54 57,15 60.39 79.33 101.88 106.63 112.33 116.32
90  59.20 61.75 65.65 69.13 89.33 113.14 118.14 124.12 128.30

100 67.33 70.06 74.22 77.93 99.33 124.34 129.56 135.81 140.17

v = Degrees of freedom.

*Adapted with permission from Biometrika Tubles for Statisticians, Vol. 1, 3rd edition by E. S. Pearson and H. O. Hartley, Cambridge University Press, Cambridge,
1966,




r 0.25.v,v,

Degrees of Freedom for the Numerator (v,)

Y1

123 1 2 3 4 5 6 7 8 9 10 12 15 20 24 30 40 60 120 ]
1 583 750 820 858 8.382 898 910 9.19 926 932 941 949 958 963 967 971 976 980 9.85
2 2.57 3.00 3.15 3.23 3.28 3.31 3.34 3.35 3.37 3.38 3.39 341 343 343 344 3.45 3.46 347 348
3 2.02 2.28 2.36 2.39 241 242 243 2.44 2.44 2.44 2.45 246 2.46 246 2.47 2.47 2.47 2.47 2.47
4 1.81 2.00 2.05 2.06 2.07 2.08 2.08 2.08 2.08 2.08 2.08 2.08 2.08 2.08 2.08 2.08 2.08 2.08 2.08
5 1.69 1.85 1.88 1.89 1.89 1.89 1.89 1.89 1.89 1.89 1.89 1.89 1.88 1.88 1.88 1.88 1.87 1.87 1.87
6 1.62 1.76 1.78 1.79 1.79 1.78 1.78 1.78 1.77 1.77 1.77 1.76 1.76 1.75 1.75 1.75 1.74 1.74 1.74
7 1.57 1.70 1.72 1.72 1.71 1.71 1.70 1.70 1.70 1.69 1.68 1.68 1.67 1.67 1.66 1.66 1.65 1.65 1.65
8 1.54 1.66 1.67 1.66 1.66 1.65 1.64 1.64 1.63 1.63 1.62 1.62 1.61 1.60 1.60 1.59 1.59 1.58 1.58
g“ 9 1.51 1.62 1.63 1.63 1.62 1.61 1.60 1.60 1.59 1.59 1.58 1.57 1.56 1.56 1.55 1.54 1.54 1.53 1.53
,‘2 10 1.49 1.60 1.60 1.59 1.59 1.58 1.57 1.56 1.56 1.55 1.54 1.53 1.52 1.52 1.51 1.51 1.50 1.49 1.48
k= 11 1.47 1.58 1.58 1.57 1.56 1.55 1.54 1.53 1.53 1.52 1.51 1.50 1.49 1.49 1.48 1.47 147 1.46 - 145
g 12 1.46 1.56 1.56 1.55 1.54 1.53 1.52 1.51 1.51 1.50 1.49 1.48 1.47 1.46 1.45 1.45 1.44 1.43 1.42
A 13 1.45 1.55 1.55 1.53 1.52 1.51 1.50 1.49 1.49 1.48 1.47 1.46 1.45 1.44 1.43 1.42 1.42 1.41 1.40
_“E’ 14 1.44 1.53 1.53 1.52 151 1.50 1.49 1.48 1.47 1.46 1.45 1.44 1.43 1.42 141 1.41 1.40 1.39 1.38
é 15 1.43 1.52 1.52 1.51 1.49 1.48 1.47 1.46 1.46 1.45 1.44 143 1.41 141 1.40 1.39 1.38 1.37 1.36
E 16 142 1.51 1.51 1.50 1.48 1.47 1.46 1.45 144 1.44 1.43 1.41 1.40 1.39 1.38 1.37 1.36 1.35 1.34
?“é 17 1.42 1.51 1.50 1.49 1.47 1.46 1.45 1.44 1.43 1.43 1.41 1.40 1.39 1.38 1.37 1.36 1.35 1.34 1.33
o 18 1.41 1.50 1.49 1.48 1.46 145 1.44 1.43 1.42 1.42 1.40 1.39 1.38 1.37 1.36 1.35 1.34 1.33 1.32
:§ 19 1.41 1.49 1.49 1.47 1.46 1.44 1.43 1.42 1.41 1.41 1.40 1.38 1.37 1.36 1.35 1.34 1.33 1.32 1.30
?ﬂ 20 1.40 1.49 1.48 1.47 1.45 1.44 1.43 1.42 1.41 1.40 1.39 1.37 1.36 1.35 1.34 1.33 1.32 1.31 1.29
A 21 1.40 1.48 1.48 1.46 1.44 1.43 1.42 141 1.40 1.39 1.38 1.37 1.35 1.34 1.33 1.32 1.31 1.30 1.28
22 1.40 1.48 1.47 1.45 1.44 1.42 1.41 1.40 1.39 1.39 1.37 1.36 1.34 1.33 1.32 131 1.30 1.29 1.28
23 1.39 1.47 1.47 1.45 1.43 1.42 141 1.40 1.39 1.38 1.37 1.35 1.34 1.33 1.32 1.31 1.30 1.28 1.27
24 1.39 1.47 146 1.44 1.43 1.41 1.40 1.39 1.38 1.38 1.36 1.35 1.33 1.32 1.31 - 1.30 1.29 1.28 1.26
25 1.39 1.47 1.46 1.44 1.42 141 1.40 1.3¢9 1.38 1.37 1.36 1.34 1.33 1.32 1.31 1.29 1.28 1.27 1.25
26 1.38 146 145 1.44 1.42 1.41 1.39 1.38 1.37 1.37 1.35 1.34 1.32 1.31 1.30 1.29 1.28 1.26 1.25
27 1.38 1.46 1.45 1.43 1.42 1.40 1.39 1.38 1.37 1.36 1.35 1.33 1.32 1.31 1.30 1.28 1.27 1.26 1.24
28 1.38 1.46 1.45 1.43 1.41 1.40 1.39 1.38 1.37 1.36 1.34 1.33 1.31 1.30 1.29 1.28 1.27 1.25 1.24
29 1.38 1.45 1.45 143 1.41 1.40 1.38 1.37 1.36 1.35 1.34 1.32 1.31 1.30 1.29 1.27 1.26 1.25 1.23
30 138 145 144 142 141 139 138 137 136 135 134 132 130 129 128 127 126 124 123
40 1.36 1.44 1.42 1.40 1.39 1.37 1.36 1.35 1.34 1.33 1.31 1.30 1.28 1.26 1.25 1.24 1.22 1.21 1.19
60 1.35 1.42 1.41 1.38 1.37 1.35 1.33 1.32 1.31 1.30 1.29 1.27 1.25 1.24 1.22 1.21 1.19 1.17 1.15
120 1.34 1.40 1.39 1.37 1.35 1.33 1.31 1.30 1.29 1.28 1.26 1.24 1.22 1.21 1.19 1.18 1.16 1.13 1.10
o 1.32 1.39 1.37 1.35 1.33 1.31 1.29 1.28 1.27 1.25 1.24 1.22 1.19 1.18 1.16 1.14 1.12 1.08 1.00

v = Degrees of freedom.

“Adapted with permission from Biometrika Tables for Statisticians, Vol. 1, 3rd edition by E. S. Pearson and H. O. Harﬂey, Cambridge University Press, Cambnidge, 1966.




IV Percentage Points of the F Distribution (Continued)

FDJO‘V[‘VZ
vy Degrees of Freedom for the Numerator (v,)
vy 1 2 3 4 5 6 7 8 9 10 12 15 20 24 30 40 60 120 oo

1 3986 4950 5359 55.83 5724 5820 5891 35944 5986 60.19 6071 6122 61.74 6200 6226 62.53 62.79 63.06 63.33

2 8.53 9.00 9.16 9.24 9.29 9.33 9.35 937 _ 938 9.39 9.41 9.42 9.44 9.45 9.46 9.47 9.47 9.48 9.49

3 5.54 5.46 5.39 5.34 5.31 5.28 5.27 525 524 5.23 522 5.20 5.18 5.18 517 5.16 5.15 5.14 5.13

4 4.54 4.32 4.19 4.11 4.05 401 398 395 3.94 3.92 3.90 3.87 3.84 3.83 3.82 3.80 3.79 3.78 3.76-

5 4.06 3.78 3.62 3.52 3.45 340 3.37 3.34 332 3.30 3.27 3.24 3.21 3.19 317 3.16 3.14 3.12 3.10

6 3.78 3.46 3.29 3.18 3.11 3.05 3.01 2.98 2.96 2.94 2.90 2.87 2.84 2.82 2.80 2.78 2.76 2.74 2.72

7 3.59 326 - 3.07 2.96 2.88 2.83 2.78 2.75 2.72 2.70 2.67 2.63 2.59 2.58 2.56 2.54 2.51 2.49 2.47

. 8 3.46 311 292 2.81 2.73 2.67 2.62 2.59 2.56 2.54 2.50 2.46 242 2.40 2.38 2.36 2.34 2.32 2.29

§ 9 3.36 3.01 2.81 2.69 2.61 2.55 2.51 2.47 2.44 242 2.38 2.34 2.30 2.28 2.25 2.23 2.21 2.18 2.16

8 10 320 292 273 261 252 246 241 238 235 232 228 224 220 218 216 213 211 208 206

g 11 3.23 2.86 2.66 2.54 2.45 2.39 2.34 2.30 2.27 2.25 221 2.17 2.12 2.10 2.08 2.05 2.03 2.00 1.97

S 12 3.18 2.81 2.61 2.48 2.39 2.33 2.28 2.24 221 2.19 2.15 2.10 2.06 2.04 2.01 1.99 1.96 1.93 1.90

8 13 3.14 2.76 2.56 243 2.35 2.28 2.23 2.20 2.16 2.14 2.10 2.05 2.01 1.98 1.96 1.93 1.90 1.88 1.85

= 14 3.10 2.73 2.52 2.39 2.31 2.24 2.19 2.15 2.12 2.10 2.05 2.01 1.96 1.94 1.91 1.89 1.86 1.83 1.80

c§ 15 3.07 2.70 249 2.36 2.27 2.21 2.16 2.12 2.09 2.06 2.02 1.97 1.92 1.90 1.87 1.85 1.82 1.79 1.76

g 16 3.05 2.67 246 2.33 224 2.18 2.13 2.09 2.06 2.03 1.99 1.94 1.89 1.87 1.84 1.81 1.78 1.75 1.72

§ 17 3.03 2.64 2.44 2.31 222 2.15 2.10 2.06 2.03 2.00 1.96 1.91 1.86 1.84 1.81 1.78 1.75 1.72 1.69

E 18 3.01 2.62 242 2.29 2.20 2.13 2.08 2.04 200 198 1.93 1.89 1.84 1.81 1.78 1.75 1.72 1.69 1.66

° 19 2.99 2.61 2.40 227 2.18 2.11 2.06 2.02 1.98 1.96 1.91 1.86 1.81 1.79 1.76 1.73 1.70 1.67 1.63
v

2;30 20 2.97 2.59 2.38 2.25 2.16 2.09 2.04 2.00 1.96 1.94 1.89 1.84 1.79 1.77 1.74 1.71 1.68 1.64 1.61

{g 21 2.96 2.57 2.36 2.23 2.14 2.08 2.02 1.98 1.95 1.92 1.87 1.83 1.78 1.75 1.72 1.69 1.66 1.62 1.59

22 2.95 2.56 2.35 222 2.13 2.06 2.01 1.97 1.93 1.90 1.86 1.81 1.76 1.73 1.70 1.67 1.64 1.60 1.57

23 294 255 234 221 2.11 2.05 1.99 1.96 1.92 1.89 1.84 1.80 1.74 1.72 1.69 1.66 1.62 1.59 1.55

24 2.93 2.54 2.33 2.19 2.10 2.04 1.98 1.94 1.91 1.88 1.83 1.78 1.73 1.70 1.67 1.64 1.61 1.57 1.53

25 292 2.53 2.32 2.18 2.09 2.02 1.97 1.93 1.89 1.87 1.82 1.77 1.72 1.69 1.66 1.63 1.59 1.56 1.52

26 291 2.52 2.3} 2.17 2.08 2.01 1.96 1.92 1.88 1.86 1.81 1.76 1.71 1.68 1.65 1.61 1.58 1.54 1.50

27 2.90 2.51 230 - 2.17 2.07 2.00 1.95 1.91 1.87 1.85 1.80 1.75 1.70 1.67 1.64 1.60 1.57 1.53 1.49

28 2.89 2.50 2.29 2.16 2.06 2.00 1.94 1.90 1.87 1.84 1.79 1.74 1.69 1.66 1.63 1.59 1.56 1.52 1.48

29 2.89 2.50 2.28 2.15 2.06 1.99 1.93 1.89 1.86 1.83 1.78 1.73 1.68 1.65 1.62 1.58 1.55 1.51 1.47

30 2.88 2.49 2.28 2.14 2.03 1.98 1.93 1.88 1.85 1.82 1.77 1.72 1.67 1.64 1.61 1.57 1.54 1.50 1.46

40 2.84 2.44 223 2.09 2.00 1.93 1.87 1.83 1.79 1.76 1.71 1.66 1.61 1.57 1.54 1.51 1.47 1.42 1.38

60 2.79 2.39 2.18 2.04 1.95 1.87 1.82 1.77 1.74 1.71 1.66 1.60 1.54 1.51 1.48 1.44 1.40 1.35 1.29

120 2.75 2.35 2.13 1.99 1.90 1.82 1.77 1.72 1.68 1.65 1.60 1.55 1.48 1.45 1.41 1.37 1.32 1.26 1.19

© 2.71 2.30 2.08 1.94 1.85 1.77 1.72 1.67 1.63 1.60 1.55 1.49 1.42 1.38 1.34 1.30 1.24 1.17 1.00

689




470057,

vy

Degrees of Freedom for the Numerator (v,)

Degrees of Freedom for the Denominator (vs)

vy 1 2 3 4 5 6 7 8 9 10 12 15 20 24 30 40 60 120 0
161.4 1995 2157 224.6 2302 234.0 2368 2389 2405 2419 2439 2459 248.0 249.1 250.1 251.1 2522 2533 2543

2 1851 19.00 19.16 1925 1930 1933 1935 1937 1938 1940 1941 1943 1945 1945 1946 1947 1948 1949 1950
3 1013 955 9.28 9.12 9.0} 894  8.89 8.85 8.81 8.79 8.74 8.70 8.66 8.64 8.62 8.59 857  8.55 8.53
4 171 6.94 6.59 6.39 6.26 6.16  6.09 6.04 6.00 5.96 591 5.86 5.80 5.77 5.75 572 569 566 5.63
5 6.61 5.79 541 5.19  5.05 495 438 4.82 - 477 474 468 4.62 456 4.53 450 446 443 440 4.36
6 599 514 476 - 4.53 4.39 428 421 4.15 4.10 406 4.00 394 387 384 381 3.77 374 3.0 3.67
7 559 474 435 412 397 387 3.9 3.73 3.68 3.64 3.57 3.51 3.44 3.41 3.38 334 330 327 3.23
8 532 446 4.07 384  3.69 3.58  3.50 3.44 3.39 335 3.28 322 315 3.12 3.08 3.04 3.01 297 2.93
9 512 426 3.86 3.63 3.48 337 329 3.23 3.18 3.14 3.07 3.01 294 290 286 2.83 279 275 2.71
10 496 410 3.71 348 3.33 322 -3.14 3.07 3.02 298 291 2.85 2.77 274 2790 266 262 258 2.54
11 4.84 398 3.59 336 320 3.09 3.0l 295 290 285 2.79 272 2.65 2.61 2.57 2.53 249 245 2.40
12 475  3.89 3.49 3.26 3.11 3.00 291 2.85 280 275 2.69 262 254 2.51 2.47 243 238 234 2.30
13 467 381 341 3.18 3.03 292 283 2.77 271 2.67 2.60 2.53 2.46 242 238 234 230 225 2.21
14 460 374 334 3.1 2.96 285 276 270 2.65 260 253 246 239 235 231 2.27 222 218 2.13
15 454  3.68 3.29 3.06 2.90 279 271 2.64 2.59 254 248 240 233 2.29 225 220 216 211 2.07
16 449  3.63 3.24 3.01 2.85 274 2.66 2.59 254 249 2.42 2.35 2.28 2.24 2.19 2.15 2.11 2.06 2.01
17 445  3.59 3.20 2.96 2.81 270 2.61 2.55 249 245 2.38 2.31 223 2.19 2.15 210 206 201 1.96
18 4.41 3.55 316 293 277 266 258 2.51 246 241 2.34 227 2.19 2.15 2.11 206 2:.02 1.97 1.92
19 438 352 3.13 290 274 2.63 2.54 2.48 242  2.38 2.31 2.23 2.16 2.11 2.07 2.03 1.98 1.93 1.88
20 435 349 310 2.87 2.71 2.60 251 2.45 2.39 2.35 2.28 220 212 2.08 2.04 1.99 1.95 1.90 1.84
21 432  3.47 3.07 284 268 257 249 242 237 232 225 2.18 2.10 2.05 2.01 1.96 1.92 1.87 1.81
22 430 344 3.05 2.82 2.66 255 246 2.40 2.34 2.30 223 2.15 2.07 2.03 1.98 1.94 1.89 1.84 1.78
23 428 342 3.03 2.80 2.64 2.53 2.44 2.37 2.32 227 220 2.13 2.05 2.01 1.96 191 1.86 1.81 1.76
24 426 340 3.01 2.78 2.62 2.51 242 2.36 230 225 2.18 2.11 2.03 1.98 1.94 1.89 1.84 .79 1.73
25 424 339 2.99 2.76 2.60 249 240 2.34 2.28 224 216 2.09- 201 1.96 1.92 1.87 1.82 1.77 1.71
26 423 337 2.98 274 259 247 239 232 2.27 222 2.15 207 1.99 1.95 1.90 1.85 1.80 1.75 1.69
27 421 335 296 273 2.57 246 237 231 2.25 220 213 2.06 1.97 1.93 1.88 1.84 179 1.73 1.67
28 420 334 2.95 2.71 2.56 245 236 2.29 224 219 2.12 2.04 1.96 191 1.87 1.82 L77 1.71 1.65
29 4.18 333 293 270 2.55 243 235 - 228 222 2.18 2.10 2.03 1.94 1.90 1.85 1.81 175 1.70 1.64
30 4.17 332 2.92 2.69 2.53 242 233 227 221 2.16 2.09 2.01 1.93 1.89 1.84 1.79 1.74 1.68 1.62
40 408 323 284 261 2.45 234 225 2.18 2,12 208 2.00 192 1.84 1.79 1.74 1.69 1.64 1.58 1.51
60 4.00 3.15 276 253 2.37 225 217 2.10 2.04 1.99 1.92 1.84 175 1.70 1.65 1.59 1.53 1.47 1.39
120 3.92 3.07 2.68 2.45 2.29 2,17 2.09 2.02 1.96 1.91 1.33 1.75 1.66 161 1.55 1.55 1.43 1.35 1.25
o0 3.84  3.00 260 237 221 2,10  2.01 1.94 1.88 1.83 1.75 1.67 1.57 1.52 1.46 1.39 132 1.22 1.00




IV Percentage Points of the F Distribution (Continued)

‘FO.OZS.v,,r.-E

Degrees of Freedom for the Numerator (v;)

Yy
123 1 2 3 4 5 6 7 8 9 10 12 15 20 24 30 40 60 120 ©

1 647.8 799.5 8642 899.6 921.8 9371 9482 9567 9633 968.6 976.7 9849 993.1 9972 1001 1006 1010 1014 1018
2 3851 39.00 39.17 3925 3930 3933 3936 39.37 3939 3940 3941 3943 3945 3946 3946 3947 3948 3949 3950
3 1744 1604 1544 15.10 1488 1473 1462 1454 1447 1442 1434 1425 1417 1412 1408 14.04 1399 1395 13.90
4 1222 10.65 9.98 9.60 9.36 9.20 9.07 8.98 8.90 8.84 8.75 8.66 8.56 8.51 8.46 8.41 8.36 8.31 8.26
5 1001 8.43 7.76 7.39 7.15 6.98 6.85 6.76 6.68 6.62 6.52 6.43 . 6.33 6.28 6.23 6.18 6.12 6.07 6.02
6 8.81 7.26 6.60 6.23 5.99 5.82 5.70 5.60 5.52 5.46 5.37 5.27 5.17 5.12 5.07 5.01 4.96 4.90 4.85
7 8.07 6.54 5.89 5.52 5.29 5.12 499 - 490 4.82 4.76 4.67 4.57 4.47 442 436 4.31 4.25 420. 4.14
- 8 7.57 6.06 5.42 5.05 4.82 4.65 4.53 443 4.36 4.30 4.20 4.10 4.00 3.95 3.89 3.84 3.78 3.73 3.67
\z/ 9 7.21 5.71 5.08 4.72 4.48 4.32 4.20 4.10 4.03 3.96 3.87 3.77 3.67 3.61 3.56 3.51 345 3.39 3.33
‘§ 10 6.94 5.46 4.83 4.47 4.24 4.07 3.95 3.85 3.78 3.72 3.62 3.52 3.42 3.37 331 3.26 3.20 3.14 3.08
g 11 6.72 5.26 4.63 428 4.04 3.88 3.76 3.66 3.59 3.53 3.43 3.33 3.23 3.17 3.12 3.06 3.00 2.94 2.88
% 12 6.55 5.10 4.47 4.12 3.89 3.73 3.61 3.51 344 3.37 3.28 3.18 3.07 3.02 2.96 291 2.85 2.79 2.72
a 13 6.41 497 4.35 4.00 3.77 3.60 3.48 3.39 3.31 3.25 3.15 3.05 2.95 2.89 2.84 2.78 272 2.66 2.60
f 14 6.30 4.86 424 3.89 3.66 3.50 3.38 3.29 3.21 3.15 3.05 2.95 2.84 2.79 2.73 2.67 2.61 2.55 2.49
“S 15 6.20 4.77 4.15 3.80 3.58 341 3.29 3.20 3.12 3.06 2.96 2.86 2.76 2.70 2.64 2.59 2.52 2.46 2.40
g 16 6.12 4.69 4.08 3.73 3.50 3.34 3.22 3.12 3.05 2.99 2.89 2.79 2.68 2.63 257 251 2.45 2.38 2.32
§ 17 6.04 4.62 4.01 3.66 344 3.28 3.16 3.06 2.98 292 2.82 272 2.62 2.56 2.50 2.44 2.38 2.32 2.25
% 18 5.98 4.56 3.95 3.61 3.38 3.22 3.10 3.01 293 2.87 2.77 2.67 2.56 2.50 244 2.38 2.32 2.26 2.19
2 19 592 4.51 3.90 3.56 333 3.17 3.05 2.96 2.88 2.82 2.72 2.62 2.51 245 2.39 2.33 2.27 2.20 2.13
%n 20 5.87 4.46 3.86 3.51 3.29 3.13 3.01 291 2.84 2.97 2.68 2.57 2.46 2.41 2.35 2.29 2.22 2.16 2.09
" 21 5.83 4.42 3.82 3.48 3.25 3.09 2.97 2.87 2.80 2.73 2.64 2.53 2.42 2.37 2.31 2.25 2.18 2.11 2.04
22 5.79 4.38 3.78 3.44 3.22 3.05 2.93 2.84 276 2.70 2.60 2.50 2.39 2.33 227 2.21 2.14 2.08 2.00
23 575 435 375 341 3.18 302 29 281 273 267 257 247 236 230 224 218 211 2.04 1.97
24 572 4.32 3.72 3.38 3.15 2.99 2.87 2.78 2.70 2.64 2.54 2.44 2.33 2.27 221 2.15 2.08 2.01 1.94
25 5.69 4.29 3.69 3.35 3.13 2.97 2.85 2.75 2.68 2.61 2.51 2.41 2.30 2.24 2.18 2.12 2.05 1.98 1.91
26 5.66 4.27 3.67 3.33 3.10 2.94 2.82 2.73 2.65 2.59 2.49 2.39 2.28 2.22 2.16 2.09 2.03 1.95 1.88
27 5.63 4.24 3.65 3.31 3.08 292 2.80 2.71 2.63 2.57 247 2.36 2.25 2.19 2.13 2.07 200 1.93 1.85
28 5.61 422 3.63 3.29 3.06 2.90 2.78 2.69 2.61 2.55 2.45 2.34 2.23 2.17 2.11 2.05 1.98 1.91 1.83
29 5.59 420 1.61 3.27 3.04 2.88 2.76 2.67 2.59 2.53 2.43 2.32 2.21 2.15 2.09 2.03 1.96 1.89 1.81
30 5.57 4.18 3.59 3.25 3.03 2.87 2.75 2.65 2.57 2.51 2.41 2.31 2.20 2.14 2.07 2.01 1.94 1.87 1.79
40 5.42 4.05 3.46 313 290 2.74 2.62 2.53 2.45 2.39 2.29 2.18 2.07 2.01 1.94 1.88 1.80 1.72 1.64
60 5.29 3.93 3.34 3.01 279 2.63 2.51 241 233 2.27 2.17 2.06 1.94 1.88 1.82 1.74 1.67 1.58 1.48
120 5.15 3.80 3.23 2.89 2.67 2.52 2.39 2.30 2.22 2.16 2.05 1.94 1.82 1.76 1.69 1.61 1.53 1.43 1.31
<0 5.02 3.69 3.12 2.79 2.57 2.41 2.29 2.19 2.11 2.05 1.94 1.83 1.71 1.64 1.57 1.48 1.39 1.27 1.00
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1°0.01, 7,7,

2 Degrees of Freedom for the Numerator (v;)

Degrees of Freedom for the Denominator (1)

” 1 2 3 4 5 6 7 8 9 10 12 15 20 24 30 40 60 120 =
14052 49995 5403 5625 5764 5859 5928 5982 6022 6056 6106 6157 6209 6235 6261 6287 6313 6339 6366
2 9850 99.00 99.17 9925 9930 99.33 99.36 9937 9939 99.40 99.42 9943 99.45 9946 9947 0947 9948 9949 99.50
33412 3082 2946 2871 2824 2791 27.67 2749 2735 2723 2705 2687 2669 2600 2650 2641 2632 2622 2613
4 2120 1800 1669 1598 1552 1521 1498 1480 14.66 1455 1437 1420 1402 1393 1384 1375 13.65 1356 1346
51626 1327 1206 1139 1097 1067 1046 1029 1016 1005 9.89 972 955 947 938 929 920 9.1 9.2
6 1375 1092 978 915 875 847 826 810 798 787 772 756 740 731 723 714 706 697 688
7 1225 955 845 785 746 119 699 684 672 662 647 631 616 607 599 591 582 574 565
8 1126 865 759 701 663 637 618 603 591 581 567 552 536 528 520 512 503 495 486
9 1056 802 699 642 606 580 S61 547 535 526 511 496 481 473 465 457 448 440 431
10 1004 756 655 599 564 539 520 506 494 485 471 456 441 433 425 417 408 400 391
11 965 721 622 567 532 507 489 474 463 454 440 425 410 402 394 386 378 369 360
12933 693 595 541 506 482 464 450 439 430 416 401 386 378 370 362 354 345 336
13 907 670 574 521 486 462 444 430 419 410 396 382 366 359 351 343 334 325 307
14 886 651 556 504 469 446 428 414 403 394 380 366 351 343 335 327 318 309 3.00
15 868 636 542 489 456 432 414 400 389 380 367 352 337 3290 321 313 305 296 287
16 853 623 529 477 444 420 403 380 378 369 355 341 326 318 310 302 293 284 275
17 840 611 518 467 434 410 393 379 368 359 346 331 316 308 300 292 283 275 265
18 829 601 509 458 425 401 384 371 360 351 337 323 308 300 292 284 275 266 257
19 818 593 501 450 417 394 377 363 352 343 330 315 300 292 284 276 267 258 249
20 810 585 494 443 410 387 370 356 346 337 323 309 294 286 278 269 261 252 242
21 802 578 487 437 404 381 364 351 340 331 317 303 288 280 272 264 255 246 236
22 795 572 482 431 399 376 359 345 335 326 312 298 283 275 267 258 250 240 231
23 788 566 476 426 394 371 354 341 330 321 307 293 278 270 262 254 245 235 226
24 782 561 472 422 390 367 350 336 326 317 3.03 289 274 266 258 249 240 231 221
25 777 557 468 418 385 363 346 332 322 3.3 299 285 270 262 254 245 236 227 217
26 772 553 464 414 382 359 342 329 318 309 296 281 266 258 250 242 233 223 213
27 768 549 460 411 378 356 339 326 315 306 293 278 263 255 247 238 229 220 210
28 764 545 457 407 375 353 336 323 312 303 290 275 260 252 244 234 226 217 206
29 760 542 454 404 373 350 333 320 309 300 287 273 257 249 241 233 223 214 203
30 756 539 451 402 370 347 330 317 307 298 284 270 255 247 239 230 221 211 201
40 731 518 431 3583 351 329 312 299 289 280 266 252 237 229 220 211 202 192 180
60 7.08 498 413 365 334 312 295 282 272 263 250 235 220 212 203 194 184 173 160
120 685 479 395 348 317 296 279 266 256 247 234 219 203 195 18 176 166 153 138
® 663 461 378 332 302 280 264 251 241 232 218 204 18 179 170 159 147 132 1.00
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VII Percentage Points of the Studentized Range Statistic®

Go01(P: f)
P
f 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20
1 90 135 164 186 202 216 227 237 246 253 260 266 272 272 282 286 290 294 298
2 140 19.0 22.3 24.7 26.6 28.2 29.5 30.7 31.7 32.6 334 314 348 354 36.0 36.5 37.0 375 37.9
3 826 106 12.2 13.3 14.2 15.0 15.6 162" 16.7 17.1 17.5 179 18.2 18.5 18.8 19.1 19.3 19.5 19.8
4  6.51 8.12 9.17 996 106 11.1 11.5 11.9 12.3 12.6 12.8 13.1 13.3 13.5 13.7 13.9 14.1 14.2 14.4
5 570 6.97 7.80 8.42 8.91 9.32 9.67 997 1024 1048 1070 1089 11.08 1124 1140 1155 11.68 11.81 11.93
6 524 6.33 7.03 7.56 7.97 8.32 8.61 8.87 9.10 9.30 9.49 9.65 9.81 995 10.08 10.21 10.32 1043 10.54
7 495 592 6.54 7.01 7.37 7.68 7.94 8.17 8.37 8.55 8.71 8.86 9.00 9.12 9.24 9.35 9.46 9.55 9.65
8 474 5.63 6.20 6.63 6.96 7.24 747 - 7.68 7.87 8.03 8.18 8.31 8.44 8.55 8.66 8.76 8.85 8.94 9.03
9 4.60 5.43 5.96 6.35 6.66 6.91 7.13 7.32 7.49 7.65 7.78 791 8.03 8.13 8.23 8.32 8.41 8.49- 8.57
10 4.48 5.27 5.97 6.14 6.43 6.67 6.87 7.05 721 7.36 7.48 7.60 7.71 7.81 7.91 7.99 8.07 8.15 8.22
11 4.39 5.14 5.62 597 6.25 6.48 6.67 6.84 6.99 7.13 7.25 7.36 7.46 -7.56 7.65 7.73 7.81 7.88 7.95
12 432 5.04 5.50 5.84 6.10 6.32 6.51 6.67 6.81 6.94 7.06 7.17 7.26 7.36 7.44 7.52 7.59 7.66 773
13 4.26 4.96 5.40 573 5.98 6.19 ~ 637 6.53 6.67 6.79 6.90 7.01 7.10 7.19 7.27 7.34 7.42 7.48 7.55
14 4.21 4.89 5.32 5.63 5.88 6.08 6.26 6.41 6.54 6.66 6.77 6.87 6.96 7.05 7.12 7.20 7.27 7.33 7.39
15 4.17 4.83 525 5.56 5.80 5.99 6.16 6.31 6.44 6.55 6.66 6.76 6.84 6.93 7.00 7.07 7.14 7.20 7.26
16  4.13 4.78 5.19 549 5.72 5.92 6.08 6.22 6.35 6.46 6.56 6.66 6.74 6.82 6.90 6.97 7.03 7.09 7.15
17  4.10 4.74 5.14 5.43 5.66 5.85 6.01 6.15 6.27 6.38 6.48 6.57 6.66 6.73 6.80 6.87 6.94 7.00 7.05
18  4.07 4.70 5.09 5.38 5.60 5.79 5.94 6.08 6.20 6.31 6.41 6.50 6.58 6.65 6.72 6.79 6.85 6.91 6.96
19 4.05 4.67 5.05 5.33 555 573 5.89 6.02 6.14 6.25 6.34 6.43 6.51 60.58 6.65 6.72 6.78 6.84 6.89
20 402 4.64 5.02 5.29 5.51 5.69 5.84 5.97 6.09 6.19 6.29 6.37 6.45 6.52 6.59 6.65 6.71 6.76 6.82
24 396 4.54 491 5.17 537 5.54 5.69 5.81 592 6.02 6.11 6.19 6.26 6.33 6.39 6.45 6.51 6.56 6.61
30 3.89 4.45 4.80 5.05 5.24 5.40 5.54 5.65 5.76 5.85 593 6.01 608 6.14 6.20 6.26 6.31 6.36 6.41
40 3.82 4.37 4.70 4.93 5.11 5.27 5.39 5.50 560 5.69 5.77 5.84 5.90 5.96 6.02 6.07 6.12 6.17 6.21
60 3.76 4.28 4.60 4.82 4.99 5.13 5.25 5.36 545 5.53 5.60 5.67 5.73 5.79 5.84 5.89 593 5.98 6.02

120 370 420 450 4.71 4.87 5.01 5.12 521 5.30 5.38 5.44 5.51 5.56 5.61 5.66 5.71 575 579 5.83
oo 364 412 440 4.60 4.76 4.88 4.99 5.08 5.16 523 5.29 535 5.40 545 5.49 5.54 5.57 5.61 5.65

f = Degrees of freedom.
“From. J. M. May, “Extended and Corrected Tables of the Upper Percentage Points of the Studentized Range,” Biometrika, Vol. 39, pp. 192-193, 1952. Reproduced by permission of the trustees of Biometrika.




"~

Y0.05\> J 7

p

f 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20

1 18.1 26.7 32.8 37.2 40.5 43.1 454 47.3 49.1 50.6 519 532 54.3 554 563 572 58.0 58.8 59.6
2 6.09 8.28 9.80 10.89 11.73 1243 13.03 1354 1399 1439 1475 1508 1538 1565 1591 16.14 1636 1657 16.77
3 450 5.88 6.83 7.51 8.04 8.47 8.85 9.18 9.46 9.72 995 10.16 1035 1052 1069 10.84 1098 11.12 11.24
4 393 5.00 5.76 6.31 6.73 7.06 7.35 7.60 7.83 8.03 8.21 8.37 8.52 8.67 8.80 8.92 9.03 9.14 9.24
5 3.64 4.60 5.22 5.67 6.03 6.33 6.58 6.80 6.99 7.17 7.32 7.47 7.60 7.72 7.83 793 8.03 8.12 8.21
6 346 434 490 531 5.63 5.89 6.12 6.32 6.49 6.65 6.79 6.92 7.04 7.14 7.24 7.34 743 7.51 7.59
7 334 4.16 4.68 5.06 535 5.59 5.80 5.99 6.15 6.29 6.42 6.54 6.65 6.75 6.84 6.93 7.01 7.08 7.16
8 326 4.04 4.53 4.89 5.17 5.40 5.60 5.77 5.92 6.05 6.18 6.29 6.39 6.48 6.57 6.65 6.73 6.80 6.87
9 320 3.95 4.42 476 5.02 5.24 543 5.60 5.74 5.87 5.98 6.09 6.19 6.28 6.36 6.44 6.51 6.58 6.65
10 3.15 3.88 4.33 4.66 4.91 5.12 5.30 546 5.60 572 5.83 593 6.03 6.12 6.20 6.27 6.34 6.41 6.47
11 3.11 3.82 4.26 4.58 4.82 5.03 5.20 5.35 5.49 5.61 5.71 5.81 590 5.98 6.06 6.14 6.20 6.27 6.33
12 3.08 3.77 4.20 4.51 475 4.95 5.12 5.27 540 5.51 5.61 5.71 5.80 5.88 5.95 6.02 6.09 6.15 6.21
13 3.06 3.73 4.15 4.46 4.69 4.88 5.05 5.19 532 543 5.53 5.63 5.71 5.79 5.86 5.93 6.00 6.06 6.11
14 303 3.70 4.11 4.4] 4.64 4.83 4.99 5.13 5.25 5.36 5.46 5.56 5.64 572 579 5.86 592 . 598 6.03
15 301 3.67 4.08 437 4.59 4.78 4.94 5.08 5.20 5.31 5.40 5.49 5.57 5.65 572 5.79 5.85 591 5.96
16 3.00 3.65 4.05 4.34 4.56 474 490 5.03 5.15 526 5.35 544 5.52 5.59 5.66 573 5.79 5.84 5.90
17 298 3.62 4.02 4.31 452 4.70 4.86 4.99 5.11 5.21 5.31 5.39 5.47 5.55 5.61 5.68 5.74 5.79 5.84
18 297 3.61 4.00 4.28 4.49 4.67 4.83 496 507 5.17 5.27 535 5.43 5.50 5.57 5.63 5.69 574 5.79
19 296 3.59 3.98 4.26 4.47 4.64 4.79 4.92 5.04 5.14 5.23 5.32 5.39 5.46 5.53 5.59 5.65 5.70 5.75
20 295 3.58 3.96 4.24 4.45 4.62 4.77 4.90 5.01 5.11 5.20 528 5.36 543 5.50 5.56 5.61 5.66 5.71
24 292 3.53 3.90 4.17 4.37 4.54 4.68 4.81 4.92 5.01 5.10 5.18 5.25 5.32 5.38 5.44 5.50 5.55 5.59
30 2.89 3.48 3.84 4.11 4.30 4.46 4.60 4.72 4.83 492 5.00 5.08 5.15 5.21 527 533 538 543 5.48
40 2.86 3.44 3.79 4.04 4.23 4.39 4.52 4.63 4.74 4.82 4.90 4.98 5.05 5.11 5.17 522 5.27 5.32 5.36
60 283 3.40 3.74 3.98 4.16 4.31 444 4.55 4.65 4.73 4.81 4.88 4.94 5.00 5.06 5.11 5.15 5.20 5.24
120 2.80 3.36 3.69 3.92 4.10 4.24 4.36 4.47 4.56 4.64 4.71 4.78 4.84 4.90 4.95 5.00 5.04 509 - 513
oo 277 3.32 3.63 3.86 4.03 4.17 4.29 4.39 4.47 4.55. 462 4.68 4.74 4.80 4.84 4.88 4.93 4.97 5.01
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IX Coefficients of Orthogonal Polynomials®
n=3 n=4 n=3>5 n==6 n=17
x, p P P P P, P P P, P P P P P P P P, P, P P P
I -1 1 -3 1 -1 -2 2 -1 I -5 5 =5 1 -1 -3 5  —1 3 -
2 0 -2 -1 -1 3 -1 -1 2 -4 -3 -1 7 -3 5 =2 0 1 —7 4 -6
3 i 1 I -1 =3 0 -2 0 6 -1 —4 4 2 —-10 -1 -3 1 1 -5 15
4 3 1 1 1 -1 -2 —4 1 —4 —4 2 10 0 -4 0 6 0 =20
5 2 2 1 1 3 -1 -7 -3 -5 1 -3 -1 1 5 15
6 5 5 -1 -7 -4 -6
7 3 5 1 3 I 1
PP 2 6 20 4 20 10 14 10 7 70 84 180 28 252 28 84 6 154 84 924
”‘ A 302 1 21 T8 2 3 R T 1 1 s B ® s
n=§ n=9 n=10
X, p P P P, P P P P P P, Ps P, P P, Py P, Ps P
I =7 7 =7 7 =7 1 -4 28 —14 14 -4 4 -9 6 —42 18 —6 3
2 -5 1 5 —13 23 -5 =3 7 7 —-21 11 —-17 -7 2 14 -2 14 -11
3 -3 -3 7 -3 17 9 -2 -8 13 —-11 -4 22 -5 -1 35 —-17 -1 10
4 -1 -5 3 9 —15 -5 -1 —17 9 9 -9 1 -3 -3 31 3 -1l 6
5 1 -5 -3 9 15 -5 0 —20 0 18 0 -20 -1 -4 12 18 -6 -8
6 3 -3 -7 -3 17 9 1 —17 -9 9 9 i 1 -4 —12 18 6 -8
7 5 1 -5 —13 —-23 -5 2 -8 —13 -1l 4 22 3 -3 -31 3011 6
8 7 7 7 7 7 L 3 7 -7 -21 -—-11 -17 5 —1 -35 -17 1 10
9 4 28 14 14 4 4 7 2 —14 -22 -—14 -1i
10 9 6 42 18 6 3
Z‘. PP 168 168 264 616 2184 264 60 2772 990 2002 468 1980 330 132 8580 2860 780 660
Aoo2 3k Gog 13 i % & & 2 i 5 & %

*Adapted with permission from Biomerrika Tables for Statisticians, Vol. 1, 3rd edition by E. S. Pearson and H. O. Hartley, Cambridge University Press, Cambridge. 1966.




