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1. Let X be a topological space with topology 7. For z,y € X we say that
x ~ y if for every U € T we have that either {z,y} N U is empty or else
both = and y belong to U.

(a) Prove that ~ is an equivalence relation on X.

(b) Let X be the collection of all ~-equivalence classes in X, and let
7w : X — X be the natural projection map, that is, 7(z) is the ~-
equivalence class of x. Prove that there is a topology on Xy such
that 7 is a continuous open map.

(c) Prove that the topological space Xy from (b) has the following sepa-
ration property: whenever a,b € Xy with a # b, there is an open set
W C Xpsuchthat a e Wand bg W,orbe W and a ¢ W

2. Suppose X is a topological space and co ¢ X is a point. Define X, =
X U {oo} and define a topology on X, be declaring
i U C X is open if U is an open subset of X,
il UC X is open if X \ U is a closed, compact subset of X,
iii X is open.
The space X, with this topology is the known as the one point compact-
ification of X.

(a) Show the above conditions actually describe a topology for X .
(b) Show that with this topology X is, in fact, compact.

(¢) Show that X is Hausdorff if X is both locally compact and Haus-
dorff.

3. Let F ={[a,00)a € R} and let T be the topology on R generated by F.
Prove that a sequence (zy )y of real numbers converges to a real number
z € R in this topology if and only if for each ¢ > 0 there is a positive
integer ng such that whenever k is an integer that is larger than ng, we
have z <z, < z + €.



4. What does it mean to say A C X is deformation retract of X7 Show that
Sn=1 ¢ R™\ {0} is a deformation retract of R™ \ {0}. Is S° = {£1} a
deformation retract of R (why or why not)?

5. Answer either one but not both of these questions.

5A

5B

(a) Provide a counterexample: if K and L are two compact, con-
nected surfaces with the same Euler characteristic, then they are
homeomorphic.
(b) If K and L have the same orientability, does the above become
true? Explain.

(a) Let T be a torus, and x¢ € T be any point. What is the universal
cover of (T, x¢)?

(b) Show that there exists a double cover from T to a Klein bottle
K. Conclude that K has the same universal cover as T'.



