Preliminary Exam
Partial Differential Equations
August 12, 2020

Name: Student Id #:

Instruction: Choose only five (out of siz) problems to do. If you have tried all sixz problems, please
indicate which five problems to be count.

Score:
Problem 1 —————— Problem 2—————
Problem 3 —————— Problem 4 ————
Problem 5 —————— Problem 6 ————

Total score



Problem 1 Using the method of characteristics to find the solution to

{ut+2um—u2 in R x (0,00),

u(x,0) =cosxz on R.

Is the solution you obtained globally defined? If not, at what time(s) does it blow up?



Problem 2 Find the entropy solution to the problem
us + Suduy, =0, u(z,0)=g(z), z€R, t>0.
where

2 if x <0,
9(”3):{ ~1 if 2>0.

-1 if x <0,
2 if x> 0.



Problem 3: For z = (21, 72) € R? and u(x) = log(z? + 23), show that
—/ uA¢dx = 47p(0)
R2

for any ¢ € C5°(R?).

Hint: [5, uA¢de = lim._,o fRQ\B uA¢dr where B, = {x € R? : |z| < €}.



Problem 4: Show that
u(zy, 1) := log(log(z7 + x3))

is the unique (smooth) solution of the nonlinear boundary value problem
Av+ Vo> =0in Q, v=uon 00

where ) C R? is a bounded regular domain such that, Q C dom(u) = {(z1,22) € R? : 23 + 23 > 1}.



Problem 5: Let T > 0 be a given terminal time, L > 0, and h be a continuous function on [0, L]. Consider
the following initial-boundary-value problem

Ut — Uge +u=0 (z,t) € (0,L) x (0,77
u(0,t), w(L,t)=0 te[0,7) (%)
w(z,0) =0, wu(x,0)="h(z) ze€(0,L)

(i) Suppose that v = u(z,t) is a smooth solution of (). Show that for each ¢ > 0,

[ 5l + (0P do < [ S do

U U

(ii) Prove that (x) has at most one smooth solution. (Hint: Use the result from the previous part.)



Problem 6: Suppose that @ C R™ is open, bounded, and connected with a smooth boundary 992. Let T' > 0
be a terminal time and recall the definitions of the parabolic cylinder Q7 := Q x (0,77 and the parabolic
boundary 'y := Qr \ Q7. Assume that u = u(z,t) with u € C?(Q7) N C(Q7) satisfies

u — Au=20 in Qp
u(z,t) =4(t —1)—t> onTIyp

Prove that u(z,t) <0 for all (z,t) € Qr.



