Probability Prelim August 2023

1. Find an example of a sequence of random variables (X,,)22 ; and a random
variable X, such that EX,, = n for each n € N = {1,2,...}, and as
n — 00, X, converges to X in probability but not almost surely.

2. Let (X3)32, be a sequence of independent random variables with distri-
butions

1 1
P(Xy =1) =P(X =2) = 7, P(X) = 3k%) = 5 ~P(Xk=0) =55
for each k£ € N.

(a) Set Yy = Xily x,|<2},k € N. Prove that

N
g 2

exists almost surely.

(b) Set
Sn = ZXk, n € N.
k=0

Does lim,, 5o %Sn exist almost surely? If yes, give the value of the
limit and justify your answer. If your answer is no, explain why.
You may use the statement in part (a) directly.

3. Suppose (X})72, are independent random variables with

1
P(X,=2k) =1-P(X,=0)= 5, keN.

Set S, = X1+ -+ X,,. Show that there exist a,, b, such that

Sn—a
= = N(0,1),
bn
as n — 00, where the right-hand side denote a standard Gaussian random
variable. Justify your answer and provide explicit expressions for a,, by,.

4. Consider triangular array of random variables (X, i )neN k=1,..n, and as-
sume that for each n, (X, r)g=1,. » areii.d. exponential random variables
with EX,, 1 = 1/n. Set b, = (logn)/n. Compute

lim IP’( max X, j < bn> .

n—o0 k=1,....m



